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Collision Risk Posed to the Global Positioning
System by Disposal Orbit Instability
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Recent studies show that disposal orbits used by the global positioning system can be unstable, resulting in
penetration of the operational constellation by the disposal orbit perigees. The purpose of this study was to obtain
a preliminary understanding of the associated collision risk between disposed and operating vehicles. Collision
risk was determined via direct statistical simulation, which involves determination of conjunction miss distance
distributions. Study results include time histories of constellation penetration by disposal orbit perigees and an
estimate of collision risk growth over 180 years.

Nomenclature
ACC = average collision cross section between primary

and threat objects
a = semimajor axis
d = miss distance
e = eccentricity
i = inclination
N .d; T / = cumulative number of miss distances over time

interval T at a miss distance ·d
pC = collision probability from kinetic theory
pT = total average collision probability with constellation
T = time interval
t = time
u = argument of latitude, ! C º
v = average relative velocity between primary

and threat objects
¯ = probability distribution � t parameter
º = true anomaly
½ = threat object spatial number density
! = argument of perigee

Introduction

N EAR theendof their functionallives,satellitesin the globalpo-
sitioning system (GPS) are placed in disposal orbits above the

operationalconstellation.The purposeof this end-of-life(EOL) dis-
posalprocedureis to precludethepossibilityof collisionbetweenthe
decommissionedand operating satellites. In addition to decommis-
sioned satellites, spent upper stages of evolved expendable launch
vehicles (EELVs) may also be placed into disposal orbits after they
serve their mission of inserting future GPS Block IIF replacement
vehicles into drift orbits near the targeted mission orbits.

Studies performed by Gick and Chao1 and Chao2 indicate that
the GPS disposal orbits can be unstable and undergo signi� cant ec-
centricity growth over several decades. The amount of eccentricity
growth depends on the particular disposal orbit. In some cases the
disposal orbit perigee can penetrate into the shell of the operational
constellation, thereby producing a collision risk between the dis-
posed and operating vehicles. Gick and Chao1 recommend disposal
orbit targeting strategies to restrict the disposal orbit eccentricity
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growth with the goal of preventing or delaying penetration of the
GPS operational shell.

The eccentricitygrowth is stronglydependenton the initialeccen-
tricity, argument of perigee, and right ascension of ascending node
(RAAN D Ä). Figure 1 shows the maximum eccentricity achieved
over 200 years as a functionof RAAN for a disposalorbit that has an
initial perigee 500 km above the ideal GPS operationalorbit and an
initialeccentricityof 0.005.(Throughoutthis paperperigeealtitudes
will be given in terms of height above the ideal GPS operationalcir-
cular orbitwith a radius of 26559.7km.) In this sample case the dis-
posal orbit insertionepoch was 1 August 2001, and the argument of
perigeewas selected to maximize the eccentricitygrowth. From this
plot it is seen that, for the sample initial epoch and eccentricity, the
GPS/EELV disposal orbit planes A, B, C, and F can attain (over
time) eccentricities that are roughly an order of magnitude larger
than those of planes D and E during the same time period. Max-
imum eccentricity can be viewed as a measure of disposal orbital
stability. In extreme cases, where the eccentricity becomes particu-
larly large (as much as 0.5 in 140 years), thedisposalorbits can come
close to both low-Earth-orbit (LEO) and geosynchronous-orbit op-
erational altitudes. This large eccentricity growth is attributed to a
resonance effect between sun–moon perturbations and nodal and
apsidal regression caused by the secular component of the J2 Earth
gravitational harmonic.

The purposeof this study is to obtain a preliminaryunderstanding
of the risk of collision that would be posed to the operational con-
stellationif disposedvehicleswere insertedinto the 500-km-perigee
disposal orbit. This disposal orbit is the lower bound of one of two
medium-Earth-orbit disposal regions recommended by the current
U.S. Government Debris Mitigation Guidelines. The other region
has an upper bound that is 500 km below the GPS ideal operational
circular orbit. GPS operational requirements specify disposal orbit
perigee altitudes higher than 500 km. Historically, some GPS vehi-
cles have had adequate remaining propellant to raise perigee to as
much as 1200 km or more at EOL.

Disposal Orbit Penetration of the Constellation
Collision between a disposed vehicle and an operational vehicle

is possible only if their orbital altitude ranges overlap. For disposal
orbits above the operational constellation, altitude overlap will oc-
cur if the perigee of the disposed vehicle falls below the apogee of
the operationalvehicle. Figure 2 shows a representativescatter plot
of the apogee and perigee altitudes relative to the ideal GPS altitude
of a sample Block IIF constellation. This plot was generated from
recent orbit data on the 28 operational vehicles tracked by the GPS
mission control segment (MCS). The apogees and perigees were
computed from mean element data that were derived from osculat-
ing MCS state vectors dated 2000-8-14. (The osculating-to-mean
conversionwas performedby E. T. Campbell, a colleagueof the au-
thors.) The mean eccentricitieswere multiplied by a scale factor of
0.0275/0.02 because the EOL maximum eccentricity speci� cation
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Fig. 1 Maximum eccentricity growth (worst case) over 200 years as a function of RAAN (initial perigee = 500 km above ideal GPS circular orbit,
initial eccentricity = 0.005). GPS constellation planes (A–F) are shown for each value of RAAN at epoch.

Fig. 2 Altitude spread of a sample representation of the GPS Block IIF constellation.

for GPS IIF vehicles was increased to 0.0275,whereas it is 0.02 for
pre-BlockIIFvehicles(Block II, IIA, and IIR).The resultingin� ated
eccentricities were limited to be no larger than 0.0275. The corre-
spondingmaximum and averageapogees and perigeesare shown by
dotted lines in Fig. 2. The apogee and perigee values have a range
of approximately§730 km relative to the nominal altitude. This al-
titude bound correspondsto the maximum eccentricity requirement
of 0.0275 for Block IIF vehicles.

Figure 3 shows the corresponding histogram of apogees and
perigeesusingaltitudebins of 50 km. Althoughthere is some bunch-
ing near the average apogees and perigees, the distribution is rela-
tively even through the maximum and minimumvalues and is closer
to being uniform than, for example, Gaussian. The histogram is not
completely symmetric about the ideal GPS altitude because each
vehicle has some small deviation in its semimajor axis from the
ideal 12-h orbit value because of stationkeepingresidual error.

Figure4 illustratesthe penetrationof the operationalconstellation
over time by vehicles disposed at four different altitudes. Perigee
historiesof vehiclesdisposedon an epochof 1 August 2001 in plane
C (Ä D 274 deg) at initial perigees of 500, 632, 832, and 1200 km
are plotted. From Fig. 1 it is seen that this combination of plane
and epoch has average eccentricity growth. In each case the initial
disposalorbit eccentricitywas selectedto be 0.005.The eccentricity
growth scenariowas selectedby determining the averageeccentric-

ity growthover a uniformlydistributedrandomargumentof perigee.
The initial argument of perigee was selected to produce the average
eccentricity growth scenario. The perigee histories were computed
using the mean orbital element propagation software MEANPROP,
which is a tool developed by The Aerospace Corporation that uses
as its core module the Draper Semi-Analytic Orbit Propagator.3 All
pertinent perturbations were modeled: sun–moon gravity, solar ra-
diation pressure, and an 8 £ 8 WGS84 Earth gravity � eld.

The perigee altitude of 500 km corresponds to the recommenda-
tionof theU.S. GovernmentDebris MitigationGuidelines.The 632-
km-perigee altitude is the GPS disposal orbit speci� cation of pre-
Block IIF satellites.The 832-km-perigeealtitudewould be a similar
GPS disposal requirement for Block IIF. The 1200-km-perigee al-
titude represents recent decommissioningsof GPS vehicles, which
were boosted to higher altitudes to consume surplus propellant at
EOL. The sample constellation apogee/perigee maximum and av-
erage deviations from the ideal GPS Block IIF orbit are shown as
dotted lines. From this plot it is seen that the 500-km disposal or-
bit initial perigee lies within the GPS IIF operational constellation
shell of §730 km. It can also be seen that, even though the perigees
start at different values, they all pass the lower boundary of the con-
stellation during a relatively small time interval between 120 and
140 years. In other words, the perigees of the higher disposal orbits
eventuallyovertakethe perigeesof the lower disposalorbits. Hence,
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Fig. 3 Histogram of the apogees and perigees of a GPS Block IIF sample constellation.

Fig. 4 Altitude penetration of a sample GPS Block IIF constellation by the perigees of four different candidate disposal orbits in plane C. (Initial
argument of perigee was selected to yield average eccentricity growth. Initial disposal perigees are 500, 632, 832, and 1200 km.)

increasing the initial disposal perigee altitude has the effect of de-
laying the initial penetrationof the constellation,but the subsequent
penetration through the remainder of the constellationoccurs more
rapidly.

Collision Risk for Individual Disposed Vehicles
To assess the collision risk quantitatively, a statistical analysis

of miss distance data was performed. The miss distance is the dis-
tance between the two objects when there is a local minimum in
the separation distance as a function of time, that is, when a close
approach or conjunction event occurs. A collision will occur if a
conjunction has a miss distance that is small enough to permit the
two objects to intersect each other physically.This dependsnot only
on the miss distancebetween the centers of the two objects, but also
on the geometrical layout and orientation of the two objects. The
average keepout radius is computed to account for random orienta-
tion of both objects. In this study the keepoutradius is averagedover
the two collisionalpairingsof interest: operationalGPS vs disposed
GPS, and operational GPS vs disposed EELV upper stage. Hence,
the probability of a close approach within a cited keepout radius is
synonymous in this study with probability of collision.

In any probabilisticanalysis it is necessary to identify separately
uncertain or random aspects of the problem from those that can be

treated deterministically.In this case the dominant source of uncer-
tainty is the in-track position of the disposed vehicle relative to the
operational vehicle. The initial argument of latitude u at disposal
orbit insertion can vary widely depending on disposal epoch and
orbit transfer strategy. Hence the initial argument of latitude is as-
sumed in this study to be uniformly distributed over 360 deg. The
initial conditionsof the orbital parametersa, e, i , and Ä (semimajor
axis, eccentricity, inclination, and RAAN, respectively) are treated
deterministically.A value of argument of perigee ! is selected that
yields the average eccentricity growth given deterministic values
of the other orbital elements. The average eccentricity growth sce-
nario was used to simplify the analysisof the effect of disposalorbit
population growth on overall collision risk, as will be discussed
later.

The dominant orbital perturbationsaffecting the long-term mean
orbital evolution are the sun–moon perturbations, the gravitational
harmonics of the Earth, and solar radiation pressure. Sun–moon
and gravity harmonic perturbationscan be modeled accurately,and
hence the long-term mean orbital evolution is treated determin-
istically. The acceleration perturbation caused by solar radiation
pressure cannot be predicted as accurately a priori because of the
variability in attitude and surface solar re� ectances of the disposed
vehicle. However, MEANPROP simulation runs showed that, as a
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Fig. 5 Miss distance data over 20 years for operational vehicle SV13
vs a vehicle placed in a +500-km-perigee disposal orbit.

result of the relatively small area-to-mass ratios of the vehicles in-
volved,solar radiationpressure induceda maximum contributionto
eccentricityof 0.02. This contribution is well below the eccentricity
growth caused by sun–moon and Earth gravitational perturbations
for most constellationplanes (Fig. 1).

A simulation was used to compute and collect the miss distances
between a disposed vehicle and a 28-member Block IIF sample op-
erational constellation over a period of 180 years. The orbital evo-
lution of the disposed vehicles was generated using MEANPROP.
The orbits of the sample operational vehicles were modeled with
a Keplerian/secular J2 propagator. This was done to represent con-
stellation maintenance in a simple way by avoiding the long-term
eccentricitygrowth and tesseral harmonic-inducedstation drift that
would be included if MEANPROP were used. Therefore, the sam-
ple operational orbital elements were � xed except for RAAN and
argument of perigee,which precess becauseof the secular J2 effect.

As an example case, Fig. 5 shows the miss distance data over
time for a vehicle disposed in the 500-km-perigee orbit in plane B
(Ä D 214 deg) with an initial eccentricity of 0.005 and a currently
operational satellite SV13 (not a part of Block IIF). In this case the
argument of perigee of the disposed satellite was selected to yield
maximum eccentricitygrowthover 200 years.Each data point in the
plot representsa close approachdistancebetween the two satellites.
The correspondinghistogramof the miss distancesis shown in Fig. 6
with an accompanying trend line.

The miss distance at a given conjunction is determined by two
quantities:1) the separationdistancebetweenthe two orbit � laments
and 2) the relative in-track phasing between the two vehicles. An
orbit � lament is de� ned as the orbit path that an object would sweep
out if its � ve mean orbital elements a, e, i , Ä, and ! were frozen.
The orbit � lament separation distance is the minimum distance be-
tween any two points on the two � laments. As such, it serves as a
lower bound on the miss distance between the satellites. The miss
distance ensemble then cannot encompass distances below a given
threshold until the orbit � lament separation distance is below that
threshold. The variation in the orbit � lament separation distance is
a function of the evolution of the mean orbital elements and hence
is a deterministic quantity in this analysis.

The relative in-track phasing between two vehicles is primarily
determined by the initial relative arguments of latitude at disposal
orbit insertion and the difference in the mean motions of the two
vehicles. A constant difference in mean motion results in repeated
recirculation of the relative in-track phasing of the disposed vehi-
cle with respect to the operational vehicle. For the 500-km-perigee
disposal orbit with initial eccentricity of 0.005, a 360-deg recircu-
lation occurs every 14.3 days. Hence 25.5 recirculationsoccur each
year, that is, the relative in-track motion yields 25.5 opportunities
for collision each year.

Figure 5 shows that there is a trend in the ensemble of miss dis-
tances. For example, no part of the ensemble falls below distances
of 50 km over the 20-year period except for a brief interval between
12 and 14 years. This dip in the ensemble can be attributed to varia-

Fig. 6 Histogram of miss distance data over 20 years corresponding
to data in Fig. 5.

Fig. 7 Miss distance data over 20 years for operational vehicle SV15
vs a vehicle placed in a +500-km-perigee disposal orbit.

tion in the orbit � lament separationdistance. In the case of disposal
orbits with growing eccentricity, the disposal orbit � laments will
eventually cross the operational satellite � laments, thereby gener-
ating an opportunity for collision. Hence, in Fig. 5 the time point
between 12 and 14 years where the ensemble almost touches the
abscissa (a miss distance of zero) is very close in time to the orbit
� lament crossing.

Some pairings of disposed and operationalvehicles will have no
orbit � lament crossingsduring limitedperiodsafter disposaloccurs.
This is illustrated by the case shown in Fig. 7, which shows the
miss distance data over time for a vehicle disposed in the 500-km-
perigee orbit in plane B (Ä D 214 deg) and a currently operational
satelliteSV15 (not a part of Block IIF). As in the precedingcase, the
initial eccentricityof the disposalorbit is 0.005, and the argumentof
perigee is selected to maximize eccentricitygrowth over 200 years.
In this case the ensemble of miss distances never approaches the
abscissa during the 20-year period. The data trend clearly shows
that there is no possibility for collision during this period.

In most cases the relationship between the mean motions of the
two vehicles will have a randomizing effect on the miss distances.
In Fig. 8 the plotted points show the relative in-track differences
between an operational vehicle and a vehicle disposed in the 500-
km-perigee orbit at subsequent recirculation events. A recircula-
tion event occurs whenever the disposed vehicle has completed
a recirculation relative to the operational vehicle, and the opera-
tional vehicle is located at the point on its orbit corresponding to
the orbit � lament separation distance. For this case the angle dif-
ference is bounded by §6.212 deg. From the plot it is seen that
angle difference points do not form horizontal lines, that is, they
do not remain synchronized at � xed values. Also, across the four-
year time period the points are closely spaced in the vertical di-
rection. Hence, after four years the progression of points has al-
ready signi� cantly swept out the space bounded by §6.212 deg.
As a result, the range of possible miss distances corresponding
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Fig. 8 Relative in-track angle difference between an operational
vehicle and a vehicle placed in a +500-km-perigee disposal orbit at sub-
sequent recirculations.

Fig. 9 Miss distance histogram over 180 years for all 28 Block IIF
sample operational vehicles vs six vehicles (one per plane) placed in
+500-km-perigee disposal orbits.

to the range of possible initial relative in-track positions will be
well sampled over time (as many recirculations occur) by the miss
distances that result for a single value of initial relative in-track
position.

Because the range of miss distances will be well sampled over
time for a single initial condition, it is possible to estimate a miss
distance probability distribution from a single sample simulation
accurately.Probability at collision level distances can then be com-
puted from the estimated probabilitydistribution.It is not necessary
to repeat simulations for differentvalues of initial relative argument
of latitude as might be done in a Monte Carlo analysis. Avoiding a
sweep of initial relative argument of latitude permits a tremendous
reduction in the computational effort required to perform a proba-
bilistic collision risk analysisover a period of decades. If the points
in Fig. 8 formed horizontal lines and were not closely spaced in the
vertical direction, the possible range of miss distances would not
be well sampled over time, and it would be dif� cult to estimate the
correct probability distribution from a single simulation. This sce-
nario can occur for certain mean motion pairings, that is, for certain
disposal orbit semimajor axes.

Figure 9 shows a histogram for miss distances between six dis-
posed vehicles at 500 km (one per plane) and the entire 28 Block
IIF sample operational constellation over a 180-year period. The
argumentsof perigeeof the disposedvehicleswere selected to yield
averageeccentricitygrowth. Because the histogramexhibits a clear
linear trend, the cumulative histogram can be � t with a quadratic
form with a single � t parameter ¯.T /:

N .d; T / D [d=¯.T /]2 (1)

By modeling the miss distance points as the result of a large num-
ber of independent,random Bernoulli instances,and approximating

the resulting collision probability formulation with a Poisson for-
mulation, it can be shown that it is possible to use this equation to
directlycomputecollisionprobabilityat smallmiss distances.Equa-
tions (18–23) of Ref. 4 illustrate an example of applying Bernoulli
trials and a Poisson approximation in the formulation of collision
probabilities.

This approach is very similar to that used by Chobotov and John-
son in a studyof the collisionriskbetweenuncoordinated,collocated
geosynchronoussatellites.5 In that study miss distancedistributions
were generated from propagations of orbital data and � t with a
Weibull function. In that case use of the Weibull function to model
the underlying probability distribution was indirectly justi� ed by
assuming that the asymptotic theory of extreme order statistics was
applicable to the orbit data. In the approach used here, trend � tting
of simulation results is directly justi� ed by showing that the simu-
lation results yield a good sampling of the underlyingmiss distance
probability distribution.

Miss distance histograms were computed for 20-year intervals
up to 180 years after disposal orbit insertion, and probabilitydistri-
bution � ts were produced using a least-squares procedure. Table 1
contains the resulting variation in the � t parameter ¯ as a function
of time interval.

The average risk of collision pT between one disposed satellite
and all 28 members of the operational constellationover T years is
computed from the probabilitydistribution� ts for six vehicles,one
per plane, by dividing by six. This procedure effectively averages
out the dependence on orbital plane ascending node:

pT D 1 ¡ exp[¡N .d; T /=6] (2)

The variable d is then set equal to the keep-out radius.
Figure 10 shows the resulting average probability of collision

over time betweenonedisposedvehiclestartingin a 500-km-perigee
orbit and 28 operational constellation satellites. Average keep-out
radii, assuming random orientation of the two vehicles at collision,
were computed from the primary dimensions of the Block IIF and
EELV upper stages. Collisions that generate signi� cant amounts
of debris were assumed to occur when the vehicle buses come

Table 1 Probability distribution � t
parameter values

Time interval, years Fit parameter ¯, km

0–20 9.159
20–40 5.567
40–60 4.496
60–80 3.405
80–100 2.692
100–120 2.425
120–140 2.164
140–160 2.091
160–180 2.051

Fig. 10 Average probability of occurrence of damaging and debris-
creating collisions over time between a single disposed vehicle and 28
operational GPS satellites (results from simulation and � tting process).
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into contact. The correspondingaverage keep-out radius for debris-
intensive collisionswas estimated to be 3.1 m. Damaging collisions
include debris-intensivecollisions and the broader set of collisions,
which generate small amounts of debris but signi� cantly degrade
or terminate satellite function. These would include collisions that
cause solar array and antennaclipping.The averagekeep-out radius
for damaging collisionswas estimated to be 4.6 m.

In the simulation that generated the miss distances, the eccentric-
ity growth of the operational vehicle orbits was not modeled, that
is, the eccentricity was held constant at the value indicated by the
MCS data prorated by the Block IIF maximum eccentricity spec-
i� cation. If the eccentricity of an operational vehicle were static,
only a small number of � lament crossings would be expected to
occur over a 200-year period between its orbit and that of a given
single disposed vehicle, primarily as a result of the slow relative
nodal regression rate. In reality, however, the eccentricities of the
operational vehicle orbits grow over time. In addition, every time
an operational vehicle is replaced the eccentricity of the orbit is re-
set from its EOL value (worst case 0.0275) to its beginning-of-life
value (typically 0.008).

This periodic growth and recti� cation of orbit eccentricity will
induce additional orbit � lament crossings. Although a larger num-
ber of � lament crossings acts to increase the collision probability,
this increase is generally negated by the accelerated relative rate of
occurrence of each crossing. Later studies showed that including
the effect of constellation eccentricity growth and recti� cation in
the generation of miss distances does not signi� cantly change the
results of the quantitative risk analysis.6

Comparison with Results from Kinetic Theory
In this study collision risk was determined via direct statistical

analysisof miss distancesthatwere generatedby simulationof long-
term orbital evolution. Another method frequently used in orbital
debris and collision risk analysis is the applicationof kinetic theory.
Similar to the theory of molecular gases, this method considers the
threat objects to be randomly and independentlydistributedwithin a
given volume of space. The averagephysicalnumber density distri-
bution of objects in the volume is used to represent a scaled version
of the spatial probability density function throughout the volume.
In addition to assuming a random distribution in position, the ve-
locity vectors of the threat objects are assumed to be randomly and
independently distributed, thereby maintaining the randomness of
the position distributionduring the time period that the primary ob-
jectoccupiesthe threatobject� eld.With theseassumptionscollision
events in nonoverlappingtime intervalsremain independent,and the
probabilityof collision can be modeled via a Poisson process.7 For
collisionprobabilitiesthat aremuchsmallerthanunity,the following
simple formulation can be used:

pc D
Z

Itf

½v Acc dt (3)

Itf is the cumulative time interval during which the primary object
occupies the threat � eld. The relative velocity v between primary
object and threat object is averaged over all threat objects in the
local � eld. The integrationis typicallyperformedby discretizingthe
threat object � eld by altitude and latitude bins and then summing
over the bins that are penetratedby the primary object. To the extent
of the authors’knowledge,kinetic theory is the baselineformulation
of most, if not all, currently existing debris environment evolution
models, including EVOLVE8 and IDES,9 mainly as a result of its
simplicity of implementation.

The application of kinetic theory to orbital collision problems
is reasonably accurate as long as the motion of the threat objects
resembles an ensemble of randomly moving objects within the vol-
ume and time of interest. This situation is generally the case for
many LEO analyses in which the long-term collision risk posed to
a primary object by a large group of background objects is to be
assessed. In LEO various orbital processes have the effect of ran-
domizing the threat object positions over long time periods. Nodal
regression and apsidal rotation cause individual background object
orbits to trace out a torus about the Earth.10 Because nodal and ap-

sidal regression rates are dependent upon orbital semimajor axis,
eccentricity,and inclination, the variety of backgroundobjects will
regress at different rates, thereby dismantling any short-term corre-
lation between orbit orientations. In addition, variability in ballistic
coef� cients causes the orbital mean motions of different objects to
increase over time at different rates, thereby randomizing relative
in-track phasing.

In the case of the collision threat posed to GPS operational satel-
lites by disposed vehicles, the most signi� cant randomizing feature
of the problem over the time period of interest (that is, 180 years)
is the difference in mean motion. At a value of 1.5 deg per year,
the relative nodal regression rate between the orbits of the disposed
vehicle and operational orbits will produce a relative precession of
only 270 deg over 180 years and hence is too slow to fully ran-
domize the orbit orientations.Orbital mean motion does not change
as a result of the absence of energy-dissipating forces at GPS alti-
tudes, such as atmospheric drag. On the other hand, the operational
satellites do among themselves have uniformly spaced ascending
nodes, albeit deterministically and not randomly. Also, the lines of
apsides are distributed in a relatively uniform manner throughout
the orbit planes. As a result, it is unclear in advance how accurately
the kinetic theory approach would determine the collision risk. For
this reason direct statistical analysis was used in this study as the
baseline approach.

As a point of comparison, the kinetic theory method was also ap-
plied as follows. The collision risk was computed from the perspec-
tive of a disposed vehicle as it � ies through the GPS constellation
shell. The altitude histogram used to derive the density � eld of the
operationalconstellationis shownin Fig. 11.This altitudehistogram
was derived from the 200-year propagation of the constellation by
applying the equations of Dennis for altitude distributions of indi-
vidual satellites.11 The averagerelativevelocityv between disposed
and operational object was estimated to be 4.86 km/s. The aver-
age collision cross-sectional area was computed from the collision
radius d as Acc D ¼d2 . Equation (3) was evaluated by a computer
program,which used the same MEANPROP orbital element history
for the disposed vehicle that was used by the statistical analysis to
model the penetration of the constellation.The program computed
the time spent by the disposed vehicle in each constellationdensity
� eld bin in order to compute the summed terms in the discrete rep-
resentation of the integral. The 200-year collision probability for a
singledisposedvehicle vs the constellationwas computed.Disposal
in each plane was considered. The resulting collision probabilities
for each plane, compared with that computed from direct statistical
analysis, are shown in Fig. 12. In this case the results for a keep-
out radius of 4.6 m are shown, that is, for collisions that can result
in either damage or signi� cant amounts of debris for a block IIF
design. In addition, constellationorbit eccentricity growth and rec-
ti� cation was modeled in the miss distance simulation used for this
comparison.6 From this, it is seen that the kinetic theorymethodpre-
dicts a long-term average collision probability growth rate, which
is higher than the average growth rate obtained via direct statistical
analysis by a factor varying from 1.1 to 1.9.

Fig. 11 Constellation altitude histogram used to compute spatial
density � eld for kinetic theory analysis.
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Effect of Disposal Orbit Population Growth
To assess the complete collision risk posed by disposal orbit in-

stability, it is necessaryto accountfor the growth rate of the disposal
orbit population.For this analysis a long-termaverage replacement
rate of 2.24 GPS satellites per year was used. Accounting for both
decommissioned GPS vehicles and EELV upper stages, the long-
term disposal orbit population rate is then 4.48 per year.

The preferredapproach would be to directly simulate the popula-
tion growth process so that the effect on miss distances of the vari-
ation in relative orbit geometry (primarily argument of perigee) be-
tween operationalvehicle and disposedvehicle at epoch of disposal
orbit insertion is obtained.This approach would be very demanding
computationally,even in a parallel processing environment. In this
study an approximate method that effectively exploits the fact that
the collision probabilityfor a single disposedvehicle was evaluated
for the average eccentricity growth case was employed. The eccen-
tricities and arguments of perigee of the operationalvehicles in the
prorated MCS data set were fairly randomly distributed among the
orbit planes, and focusing on the average eccentricity growth sce-
nario yields a good representationof the average geometry. Hence,
although the resulting probability vs time pro� le might not be the
precise average over its ensemble space, it is assumed to be a good
approximation.

The probabilityvs time pro� le for each newly disposedvehicle is
producedby time shifting the average probabilityvs time pro� le by
the difference between the simulation case epoch and the disposal

Fig. 12 Comparison of collision probabilities computed by the kinetic
theory method and direct statistical analysis.

Fig. 13 Generation of the total collision risk caused by disposal orbit population growth by summing time-shifted average probability of collision
time pro� les.

epoch. This generates a series of time-shifted pro� les as shown in
Fig. 13. At each time point the total collision risk is then obtained
by summing over all of the nonzero valued pro� les at that time. It
is assumed that this method of summing of averages will yield a
good approximation to the average of the sum of many nonaverage
pro� les that might occur in reality. The resulting overall collision
probability over time for the Block IIF design is shown in Fig. 14.

Although probability of occurrence of damaging and debris-
creating collisions is a desired metric of risk, the keep-out radii that
are used to compute them are stronglydependenton vehicle design.
Over time intervals of decades, the vehicle design will almost cer-
tainly change. To overcome this obstacle in obtaining a meaningful
estimate of risk to the constellation,it is useful to consider the prob-
ability distributionof minimum miss distanceover time intervalsof
interest. Figure 15 shows close approach distances and their likeli-
hood of occurrencefor several time intervals.The � gure shows that
close approaches at distances less than a kilometer begin to occur
with signi� cantcertaintybetween20 and 60 years.Althoughvehicle
dimensions and corresponding collision distances will most likely
remain within a few tens of meters, miss distances on the order of
several hundredmeters could have an operationalimpact. Currently
operationaltracking systemswould yield positionknowledgeerrors
for the disposed vehicles on the order of a few kilometers, and they
would not be able to resolve distances of hundreds of meters. As a
result, it might be necessary to either improve tracking accuracy or

Fig. 14 Collision risk posed to a 28-satellite GPS constellation by the
500-km-perigeedisposal orbit population(EELV upper stages and GPS
decommissioned satellites).
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Fig. 15 Close approach distances that will occur over various time
intervals and associated likelihood of occurrence.

plan for close approach warnings and maneuvers to ensure clear-
ance that is larger than the position knowledge error. A complete
assessment of the collision risk should include not only the prob-
ability of collision, but also any operational and tracking system
impacts.

Conclusions
A preliminary analysis of the collision risk to the operational

GPS constellationassociatedwith disposalorbit instabilitywas per-
formed. Orbit eccentricity growth over several decades results in
eventual penetration of the GPS operational altitude range by dis-
posed vehicles. Selecting disposal orbits with increasingly higher
perigees effectivelydefers initial constellationpenetration to future
decades,but the subsequentpenetrationof the remainderof the con-
stellation occurs more rapidly.

The average collision risk associated with the 500-km disposal
orbit, which is recommended by the U.S. Government Debris Mit-
igation Guidelines, was determined for the next 180 years. A direct
statisticalanalysis was used to properlyaddress the random and de-
terministic aspects of long-term orbital evolution. In addition, the
widely used kinetic theory method was applied in order to obtain
an understanding of its relative accuracy when applied to the GPS
orbital regime. This preliminary analysis indicates that the average
collisionprobabilityposed to the operationalconstellationassuming
the Block IIF design will be low for the next two centuries. How-
ever, close approach distances on the order of hundreds of meters
will start occurring between 20 and 60 years. This might impact
constellationoperations,dependingon the tracking technology that
will be available for the disposed vehicles.

Issues not considered in this study include the sensitivity of col-
lision risk to nonaverageeccentricitygrowth scenarios; operational
impacts, such as collision avoidance maneuver frequency; and the

threat posed to the operationalconstellationby debris resultingfrom
the intracollision risk between disposed vehicles. Should any of
these issues prove to be a driver of requirements, a recommended
way to control disposal orbit eccentricity growth is to target the
initial eccentricity and argument of perigee within a predetermined
window. The details of this mitigation approach are discussed in
Ref. 1.
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